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Engineering of Electron States and Spin
Relaxation in Quantum Rings and Quantum
Dot-Ring Nanostructures
Marcin Kurpas, Elżbieta Zipper, and Maciej M. Maśka

Abstract Quantum nanostructures are frequently referred to as artificial atoms.
Like the natural atoms they show a discrete spectrum of energy levels but at the
same time they exhibit new physics which has no analogue in real atoms. Electrons
in an atom are attracted to the nucleus by a potential that diminishes inversely proportional to the distance from the center of the atom. This feature, together with the
Coulomb interactions between electrons, determines properties of natural atoms.
On the other hand, in quantum nanostructures one can (almost) freely design the
shape of the confinement potential. As a result, a variety of properties of quantum
nanostructure can be modified according to the designer’s will.
The aim of this chapter is to demonstrate in a detailed way how these properties depend on the geometry of the confinement potentials. Quantum rings can be
narrow, quasi-one-dimensional objects with periodic boundary conditions. But they
also can be wide, like a quantum dot with a small hole in the center that leads to a
nontrivial topology. The electronic properties, determined by the energy spectrum
and the distribution of the wave functions, are very different in these limiting cases.
They are also different from the properties of a quantum dot. In this chapter we
demonstrate how selected properties are modified when the confinement changes in
such a way that the nanostructure evolves from a quantum dot to a wide quantum
ring and than to a narrow, quasi-one-dimensional nanoring. Besides single quantum
rings we describe properties of two coupled nanorings and of systems composed
of a quantum ring coupled to a quantum dot. We are mainly interested in properties that are connected to possible applications of quantum nanostructures. There is
a common belief that such systems are among the most promising candidates for
realization of qubits in quantum computing. However, physical implementation requires, among others, relatively long decoherence time, much longer than the gate
operation times. Assuming the spin-orbit-mediated electron-phonon interaction as
the dominant relaxation mechanism for spin qubits, we show how the relaxation
time depends on the details of the confinement potential. We first compare the re-
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Department of Theoretical Physics, University of Silesia, Uniwersytecka 4, 40-007 Katowice,
Poland
e-mail: maciej.maska@us.edu.pl
V.M. Fomin (ed.), Physics of Quantum Rings, NanoScience and Technology,
DOI 10.1007/978-3-642-39197-2_18, © Springer-Verlag Berlin Heidelberg 2014

455

456

M. Kurpas et al.

laxation times calculated for quantum dots and quantum rings of different shapes
and sizes. However, it seems that complex structures composed of a quantum dot
surrounded by a quantum ring can have far more interesting properties due to the
high controllability of the spatial distribution of the electronic wave function. The
results indicate that the main factor that determines the relaxation time is the socalled overlap factor, i.e., the overlap of the radial parts of the wave functions of the
ground and first two excited states. With this knowledge, one can try to optimize
the confinement potential with respect to the relaxation time. By tuning the relative
positions of the bottoms of the ring and dot confinement potentials one can control
the overlap factor, what in turn allows to control the relaxation time. The same effect can be achieved by modifying the height of the potential barrier between the
ring and the dot. A high controllability is also expected in a similar system where
the central quantum dot is replaced by a small ring, i.e., in a system of two coupled
concentric quantum rings.
The wave function engineering allows one to control not only the relaxation
time. We demonstrate that the same overlap factor determines also optical properties of quantum nanostructures. Using realistic parameters we show that changing the shape of the confinement potential it is possible to modify the microwave
and infrared absorption cross sections of the dot-ring nanostructure. That way, the
nanostructures can be moved over from highly absorbing to almost transparent. The
last property analyzed in this chapter is the conductivity of a system composed of
many dot-ring nanostructures. Apart from unique properties of a single nanostructure, interesting behavior emerges when such structures are combined into a twodimensional array. If they are located sufficiently close to each other, electrons can
tunnel between them, making a system that resembles a narrow band crystal. Since
the tunneling rate depends on the overlap of the electron wave functions on adjoining
structures, the transport properties would be dependent on the shape of the confinement potential. As a result, a metal-insulator transition can be easily induced in the
array. We demonstrate a way how to control the confinement potential globally for
the whole array.

18.1 Introduction
Ring-like nanostructures have long fascinated physicists [1–7]. These nanometersize rings which are the nanoscopic analogues of benzene have many intriguing
features. The magnetic properties of such non-simply connected quantum systems
are related to the possibility of trapping flux in their interior at accessible magnetic
fields.
The high degree of symmetry of quantum rings (QRs) imply the existence of
persistent currents (PC) [1] due to the conservation of electron angular momentum.
Since the first experimental verification by Levy et al. [2] PC has been found in
metallic [3, 4, 8, 9] and semiconducting rings [5]. Nowadays technology allows the
preparation and characterization of very small, high-mobility semiconductor structures of ring geometry with very good resolution [6, 7, 10–12]. The ability to fill
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semiconductor QRs with one or a few electrons allows even to detect persistent current carried by single electrons [5] and the magnetoinduced change of the ground
state [10, 11]. Also, the possibility of creating self-sustaining orbital currents in
mesoscopic systems of ring geometry has been predicted [13] but no experimental confirmation of this effect has been reported.
The ring geometry which supports two opposite currents was used to propose
flux qubit built on the orbital PC states [14] in some analogy to flux qubit on superconducting ring with Josephson junctions [15]. However the orbital degrees of
freedom have much shorter relaxation times than devices based on the electron spin
degrees of freedom [16]. It is thus of interest to discuss the possibility of building
a spin qubit or spin memory device on a defect free QR as the solid state devices
seem to be the most promising because of their scalability, tunability and relatively
long coherence times.
The most frequently used in this context are semiconductor quantum dots
(QDs) [17] which indicate the great potential for device applications in spintronics, optoelectronics, and quantum computing. The spin of a single electron in a
semiconductor quantum dot (QD) placed in magnetic field is a natural two-level
system suitable for use as a qubit or spin memory device in spintronics [18, 19].
However, quantum confinement properties of QDs can be deeply mutated to craterlike nanostructures called hereafter quantum rings [5–7, 10, 11, 20–22]. Just like
QDs, QRs possess atom-like properties making them potential candidates for both
basic research and future applications, e.g., in quantum information processing and
spintronics.
The long term promise of such devices depends crucially on the relaxation and
decoherence times which can be different in QRs and QDs due to different dispersion relation and different confinement properties. It is thus important to relate the
devices build on QRs to those constructed on QDs. In this context it was shown
that QRs are also attractive for the realization of spin qubits as the relaxation and
decoherence processes take place in the time scale that is sufficiently long for spin
manipulations and readout [23]. The problem of spin relaxation in QRs will be discussed in the first part of this chapter. The presented considerations are general and
apply both for electrostatically defined QRs (EQRs) [6, 7, 24] which can be primarily controlled electrically and self-assembled QRs (SQRs) [5, 10, 11, 21, 22] where
spin manipulations are done using optical techniques.
Nowadays nanotechnology enables a precise control of structural parameters of
quantum nanostructures both at the fabrication stage [25–28] as well as dynamically while operating the device, e.g., by electrostatic potential [24]. It enables to
produce complex systems where different building blocks such as QRs [28, 29] and
QDs [30, 31] are combined together into a single structure [25–27]. Such composed
systems have rich energy spectrum and exceptionally high degree of tunability as the
coupling between the components is an additional parameter that can be controlled.
They are highly relevant to new technologies in which the control and manipulations of electron spin and wave functions play an important role and the potential
use of such devices requires deep theoretical analysis. Thus in the second part of
this chapter an investigation of two-dimensional complex nanostructures: one in the
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form of double concentric quantum rings and second consisting of a quantum ring
with quantum dot inside named afterwords a dot-ring nanostructure (DRN) is presented. In particular the combined dot-ring structure seems to be very interesting
because, as it will be shown, by changing the confinement potential, i.e., the parameters of the potential barrier V0 (r) separating the dot from the ring and/or the
potential well offset VQD -VQR (see Fig. 18.4b), one can considerably alter coherent,
optical and conducting properties of the DRN. It will be demonstrated that by such
manipulations one can change the spin relaxation time T1 of DRNs, used as spin
qubits or spin memory devices, by orders of magnitude. These features are mostly
determined by the so called overlap factor (OF) which reflects the distribution of
the wave functions in the system and can be largely modified by the form of the
confinement potential.
It will be also briefly pointed out that confinement-based wave function engineering may be used to control
(a) the cross section for optical absorption at microwave and infra-red range from
strong to negligible,
(b) the conducting properties of an array of DRNs from highly conducting to insulating.
The more comprehensive discussion of the last two problems which are beyond the
scope of this chapter can be found in Ref. [32].

18.2 Quantum Confinement in Semiconductor Quantum Ring
and Formation of Spin Qubits
Consider a 2D semiconductor QR of finite thickness and radius r0 set by a confinement potential V (r). The ring contains a single or a few electrons and is placed
in a static magnetic field B parallel to the ring plane. The in-plane orientation is
favourable because it does not disturb the distance between orbital levels [33] (for
perpendicular magnetic field see [23]).
The Hamiltonian of such a ring with spin-orbit and electron-phonon interaction
can be written in the form
H = HR +

e
σ̂ · B + HSO + He-ph ,
2m∗

(18.1)

where
1 2
p + V (r),
2m∗
with m∗ representing the effective electron mass,
HR =

HSO = β(−σ̂x px + σ̂y py )

(18.2)

(18.3)

is the Dresselhaus SO interaction due to the bulk inversion asymmetry. For GaAs
heterostructures the parameter β takes the values from 105 to 3 × 105 cm/s. He-ph
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is the Hamiltonian of the electron-phonon coupling and its particular form will be
given later in the text.
The energy spectrum of HR consists of a set of discrete levels Enl due to radial
motion with radial quantum numbers n = 0, 1, 2, . . . , and rotational motion with
angular momentum quantum numbers l = 0, ±1, ±2 . . . .
The single particle wave function is of the form
Ψnl = Rnl (r) exp(ilφ)χσ ,

(18.4)

with the radial part Rnl (r) and the spin part χσ . For 1D QRs the energy spectra and
the wave functions can be calculated analytically, for finite-width QRs both Enl and
Ψnl need numerical evaluation. The application of magnetic field B splits the orbital
energy levels by Zeeman energy
ΔZ = gs μB B,

(18.5)

where gs is the Landé factor and μB is the Bohr magneton. Another important
energy gap is the distance from the highest occupied orbital state (nl) to the excited
orbital state (n l  )
Δnl,n l  = En l  − Enl .

(18.6)

kB T  ΔZ  Δnl,nl±1

(18.7)

If the following relation holds

the two Zeeman sublevels of the orbital nl are well separated from the others and
the ring can be well approximated as a two-state system—a qubit. At this point let
us assume that the orbital l, called afterwards ‘operating orbital’ is occupied by a
single electron, i.e., for l = 0 the number of electrons is Ne = 1, for |l| = 1, Ne = 3,
etc.
In order to get better understanding of processes governing the relaxation different quantum rings will be considered. The radii and confining potentials of three
of them (A, B, C) are chosen to roughly reproduce the energy spectra of the recently grown InGaAs rings described in Refs. [10, 11], and [5], respectively. As the
experiments measuring the spin relaxation times are performed mainly at B ≥ 1 T
[24, 34] in the following the magnitude of the magnetic field will be set to B = 2 T
which gives, for the Landé factor |gs | = 0.8 [34], the electron spin Zeeman splitting ΔZ = 0.092 meV. The confining potential used to model rings A, B and C is
assumed to be of the following form,
1
V1 (r) = m∗ ω02 (r − r0 )2 ,
2

(18.8)

where the parameters are collected in Table 18.1. For the remaining rings the same
radius as for ring C has been assumed, but the potential takes on different shapes.
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Table 18.1 The parameters and relaxation times of three modeled InGaAs quantum rings corresponding (in alphabetical order) to the experimental rings described in Refs. [10, 11], and [5].
The ring geometry has been reached by the confining potential V1 (r) (18.8); ω0 is the potential
strength. B = 2 T has been assumed
Ring

r0 [nm]

ω0 [meV]

A

20

15

0.12

0.4

0.5

0.55

B

14

12

2

1.5

1

0.86

C

11.5

25

10

15

13

T10 [ms]

T11 [ms]

T12 [ms]

T13 [ms]

11

In order to be able to compare results for QRs and QDs the potential is
parametrized in such a way that it can reproduce both harmonic potential of a QD
as well as a δ-like potential of a quasi one-dimensional (1D) QR. It is given by


1 ∗ 2
k
2
2
(r − r0 )
V2 (r) = m ω0 (1 − k)r +
2
1−k
1
1
2
2
r 2 + m∗ ωQR
(r − r0 )2 .
= m∗ ωQD
2
2

(18.9)

It is a superposition of QD and QR potentials, where the confinement (a measure
of radial localization of the electron wave function) is given by ωQD and ωQR ,
respectively. For k = 0 the second term vanishes and the potential describes harmonic QD. On the other hand, in the k → 1 limit it describes a 1D QR. Therefore,
changing k from 0 to 1 one can observe how the properties of a quantum system
evolves while moving from QD to QR. The radius of QR is defined by r0 in (18.8),
i.e., it is the distance from the center of the ring to the minimum of the confining
potential. The definition of the radius of harmonic QD is not so unambiguous—r0
is defined by the shape of the ground state wave function Ψ (r, φ) ∝ exp(−r/r0 ). In
order to ensure that the size of the system does not depend on k, and therefore that
its properties depend only on the shape of the potential, ω0 in (18.9) is given by the
relation
2
,
(18.10)
ω0 =
m∗ r02
what gives the radius of the QD equal to r0 . Figure 18.1 shows the radial part of the
wave function for ground state (l = 0) and the first excited state (l = 1) for different
values of k: For k = 0 the potential models QD (Fig. 18.1a), for 0 < k < 1 one gets
QRs of decreasing thickness (Fig. 18.1b, c), reaching at k = 0.99 a quasi 1D ring
(Fig. 18.1d). The corresponding shapes of the confining potential are shown in the
insets.
Note that the model calculations are for circularly symmetric nanostructures,
whereas some of the experimentally fabricated rings have slightly different symmetry and therefore slightly different energy spectrum. Moreover, other possible
factors which may modify the solutions of the Schrödinger equation, like the polarization effects [35, 36], are neglected. They are, however, connected to a particular
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Fig. 18.1 The radial part R0l (r) of the electron wave function (18.4) plotted as a function of radius
r for orbital quantum number l equal 0 and 1. Panels (a)–(d) include results for different shapes of
the confining potential (18.9) (shown in the inset plots). In all cases r0 = 11.5 nm, B = 1 T have
been assumed

nanostructure fabrication method, whereas the calculations are as general as possible.
In order to use quantum rings in quantum computation it is necessary to establish
a way to perform single qubit operations and to implement efficient quantum logic
gates on pairs of qubits. During the past few years a big progress has been made towards full control of quantum states of single and coupled spins in QDs [33, 37, 38].
Going carefully through all this one finds that most of those features are shared also
by QRs.
The QR qubit can be initialized by, e.g., thermal equilibration followed by optical pumping, coherently manipulated (through magnetic resonance technique or
by faster electrical and optical gates) and read out using both electrical and optical techniques [21, 22, 33]. Coherent coupling of EQRs leading to the formation of,
e.g., the CNOT gate can be obtained in an analogous way as for QDs [18, 19], by assembling a system of two coplanar QRs with the possibility of tuning their exchange
coupling J by gating the barrier between them. Such coupling can be switched on
and off by electrical impulses. Quantum gates for SQRs can be accomplished by
electric or photonic connections [21, 22, 38, 39]. Recently a scheme for coherent
coupling of spin qubits placed microcavities by entanglement swapping [40] has
been proposed. Such long-distance entanglement is a crucial ingredient for quantum communication.
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Fig. 18.2 Direct phonon transitions between pure Zeeman split states is impossible. However, the
SOI gives a small admixture of opposite spin state, that enables transitions [24]

Single qubit rotations together with the CNOT gate form a universal set of quantum logic gates. Remarkably these operations are very fast, on the order of pico to
nanoseconds [41]. Thus very many coherent operations can be performed until the
qubit’s state is destroyed by decoherence.

18.3 Spin Relaxation and Decoherence
The main difficulty in development of the spin based devices is to keep them in
the quantum regime for a sufficiently long time. The ideal situation would be to cut
off the interaction with the environment that is the main source of destruction of
a quantum state. This is, however, an impossible task as this interaction is equally
needed (for steering, measurement etc.) as unwanted (decoherence, relaxation).
Electron spin decoherence in semiconductors is caused primarily by spin-lattice
relaxation via phonon scattering and spin-orbit (SOI) interaction and by hyperfine
(HFI) interaction with nuclear spins [16, 42, 43].
At magnetic fields B < 0.1 T the dominant relaxation mechanism is the HFI
but for larger fields this mechanism is suppressed by the mismatch between the
nuclear and electron Zeeman energies. At 0.5 T < B < 10 T the SOI causes spin
relaxation by mixing the spin and orbital states (see Fig. 18.2) and providing the
mechanism for coupling of spins to (mainly) piezoelectric phonons. HSO (18.3)
gives a small admixture of the state of the opposite spin to each of the orbital states
with spin up or down. This enables the phonon transition between the two states and
is responsible for spin relaxation. The prolongation of spin relaxation times for small
nanostructures stems from a drastic reduction in spin-phonon coupling mediated by
the combination of electron-phonon and SOI, due to strong confinement. It has been
shown [42] that in a magnetic field of a few Tesla the relaxation is dominated by
single-phonon processes mediated by SOI; it has been positively verified in several
experiments [24, 33, 34, 44].
The comprehensive analysis of relaxation due to phonons in QDs has been given
in Refs. [16, 33, 42, 45, 46] and [47]. As the developed formalism [42] is valid for
all circularly symmetric III–V systems it can be adopted also for semiconducting
QRs. Below the main ideas of this derivation for a qubit composed of Zeeman split
states of an electron at the energy level Enl (defined in Sect. 18.2) are sketched.
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In polar crystals, such as GaAs, the main relaxation mechanism is due to piezoelectric interaction with acoustic phonons (with linear dispersion relation). The direct phonon coupling to the spin states is prohibited, however such coupling is made
possible by the SOI which mixes the Zeeman-split ground orbital state with excited
orbital states of opposite spin. The perturbed eigenstates are [33]
|nl ↑

(1)

= |nl ↑ +


n l  =nl

|nl ↓

(1)

= |nl ↓ +


n l  =nl

n l  ↓ |HSO |nl ↑    
nl ↓ ,
Enl − En l  − ΔZ

(18.11)

n l  ↑ |HSO |nl ↓    
nl ↑ ,
Enl − En l  + ΔZ

(18.12)

where the spin-orbit Hamiltonian HSO is given by (18.3) [42]. The relaxation rate
between these dressed states can be calculated using the Fermi’s golden rule:
1
2π (1)
≡Γl =
nl ↑ |He-ph |nl ↓
l

T1



(1) 2

D(ΔZ ),

(18.13)

where D(ΔZ ) is the phonon density of states at the Zeeman energy, which for bulk
acoustic phonons increases quadratically with this energy. The electron-phonon coupling is described by
 †

qj
He-ph = Mqj eiqr bqj
(18.14)
+ bqj ,
where Mqj is a measure of the electric-field strength of a phonon with wave vector
†
q and phonon branch j , r is the position vector of the electron and bqj
(bqj ) are the
phonon creation (annihilation) operators.
√
The electric field and thus Mqj scales as 1/ q for piezoelectric phonons and as
√
q for deformational potential phonons. Thus if both types of phonons are present
the first mechanism dominates at small energies. For small Zeeman energies the
matrix element of eiqr can be calculated in the long wave length limit (the so called
dipole approximation):
 
 
nl|eiqr n l  ≈ q nl|rn l  .
(18.15)
First, we will estimate the dependence of Γ l governed by phonons on the ennl↑↓
2 q 2 Δ2 . Since the phonons
ergy ΔZ . The spin-flip matrix element |He-ph |2 ∝ Mqj
Z
carry away the spin-flip energy, one gets Eph ∝ ΔZ , and since Eph ∝ q the matrix
2 Δ4 . Thus, its final dependence on Δ is determined
element is proportional to Mqj
Z
Z
√
by Mqj . For piezoelectric phonons Mqj ∝ 1/ q and
 nl↑↓ 2
H
 ∝ Δ3 .
Z
e-ph

(18.16)

Inserting (18.16) it into (18.13) and taking into account that D(ΔZ ) ∝ Δ2Z one finds
that
Γ l ∝ Δ5Z .

(18.17)
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This strong dependence has been experimentally observed in many experiments on
QDs [24, 33, 34, 44].
Because T1l given by (18.13) is due to SOI admixture of the higher orbital states
it depends on the distance Δnl,n l  between the relevant energy states and on the
dipole matrix elements (18.15) called afterwards overlap factors Ξnl,n l  .
Assuming that the electrons participating in relaxation occupy merely the states
with n = 0, after some algebra the final formula for the relaxation rate from spin
down to spin up state for an electron in the E0l state reads
2
Δ5Z  Ξ0l,n l 
1
=
η
Δ0l,n l 
T1l
n l 

2

,

(18.18)

where Δ0l,n l  ≡ En l  − E0l and the overlap factor Ξ0l,n l  is given by
∞

Ξ0l,n l  =
0

Rn∗ l  R0l r 2 dr

(18.19)

with l  = l ± 1. The parameter η is expressed as
η=

5
,
Λp (2π)4 (m∗ )2

(18.20)

where Λp is the dimensionless constant depending on the strength of the effective spin-piezoelectric phonon coupling and the magnitude of SOI, Λp = 0.007 for
GaAs type systems [34, 42].
The above formulas apply for very low temperatures (e.g., when thermal phonons
are negligible) (see (18.7)). At finite temperature (18.13) should be multiplied by a
factor NΔZ + 1 for the transition with emission of a phonon and by NΔZ in the case
of phonon absorption, NΔZ = [exp(ΔZ /kT ) − 1]−1 . The temperature dependence
of spin relaxation is out of the scope of the chapter and will not be discussed in
details.
All other mechanisms of spin relaxation have been estimated [42] to be much
less efficient than the mechanism via admixing of spin and orbitals by the spin-orbit
interaction.
Because the relaxation rate for an electron in QRs (and in QDs) is determined
by the admixture to the first excited orbital state. It is because the energy distance Δ0,l,n l  to the higher lying states is too big to make those states important
for relaxation—it will be different for complex dot-ring structures discussed in
Sect. 18.4.1. The formula (18.18) for a single electron in the highest occupied state
l takes on the following form:
T1l =

η Δ2l
,
Δ5Z Ξl4

(18.21)
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where
∞

Ξl =
0

∗
R0l
R0l  r 2 dr,

Δl = E0l  − E0l



l =l±1 .

(18.22)

Since in this case Δl and Ξl depend only on l all other indices have been dropped. It
follows from (18.21) that T1l depends on Δl , i.e., on the number of electrons Ne and
on Ξl which depends, in turn, on the wave functions of the neighbouring l states
(see (18.22) and Fig. 18.1a–d). Notice, that in contrast to QDs where Δl = ω0 , for
QRs the energy gaps between neighbouring l states are l-dependent and increase
with increasing l (faster for a thinner ring), tending to
Δ1D
l =

2
(2l + 1)
2m∗ r02

(18.23)

for a 1D ring (see Fig. 18.3a).
Let us first discuss the case of a single electron (Ne = 1, l = 0, solid blue lines in
Fig. 18.3a–c). For harmonic QDs (k = 0) the formula (18.22) simplifies to
 dot 2
Ξ0
=

2
.
4π 2 m∗ ω0

(18.24)

Replacing Ξl in (18.21) by Ξ0dot gives
T10,dot = Λ−1
p

(ω0 )4
Δ5Z

(18.25)

,

i.e., the relaxation time for QDs obtained in Ref. [42].
It is interesting to compare relaxation times for QRs and QDs—it is shown below
that T10,dot is a higher limit of T10 . From (18.21) and (18.25) one can find the formula
relating them:
T10 = T10,dot

Δ0
ω0

2

Ξ0dot
Ξ0

4

.

(18.26)

It follows from Figs. 18.3a and 18.3b that for a singly occupied QR of arbitrary
thickness
ω0 > Δ0 ,
Ξ0dot < Ξ0

⇒

T10 < T10,dot ,

(18.27)

i.e., assuming the same size, QD is the structure having the longest relaxation time.
To understand the first of the inequalities let us rewrite (18.23) in terms of ω0 =
22 /m∗ r02
1
l=0 ω0
Δ1D
−→
.
l = ω0 (2l + 1) −
4
4

(18.28)
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Fig. 18.3 (a) The orbital energy gap Δl as a function of the potential parameter k, for different
values of l (corresponding to different occupation Ne ). For k = 0 the potential (18.9) models QD
and Δl is l-independent. Increasing k we reach (for k → 1) the 1D-QR limit with Δl defined
by (18.23); (b) The overlap factor Ξl ; (c) the relaxation time T1 plotted as a function of k for
different orbital states l. r0 = 11.5 nm has been assumed

It is clear that for 1D QR with one electron Δ0 never reaches ω0 . For rings of finite
thickness Δ0 changes smoothly between Δ0 and ω0 .
The inequality between the overlap factors Ξ0 and Ξ0dot , follows from the difference in shape and distribution of the radial parts R0l (Fig. 18.1a–d). For QD the radial functions are concentrated closer to r = 0 than for QRs where they stay mostly
at larger r. Additionally, for QD the difference between the R00 (r) and R01 (r) is
much more significant than for QR. Both these properties result in a smaller value
of Ξ0 for QD than for QR, leading to the relations given by (18.27).
The situation, however, changes if the number of electrons is larger than one. It
was shown in Refs. [6, 7, 33] that in such cases, the electron-electron interaction
is well described by the constant interaction model—it shifts the single electron
spectra by a multiple of the charging energy, (Ne − 1)EC . Assuming this, the values
of Δl in Fig. 18.3 correspond to the energies after the charging energy has been
subtracted. One can see from Fig. 18.1a that for QDs with l > 0 the maxima of the
wave functions move to larger r leading to an increase of Ξldot (Fig. 18.3b) and
subsequent decrease of T1dot (Fig. 18.3c). For QRs of the large thickness (0 < k <
0.8) the situation is similar as for QDs, but for thinner rings with k > 0.8 both the
decrease of Ξl (Fig. 18.3b) and the simultaneous increase of Δl (Fig. 18.3a) lead
to a substantial increase of T1l (see Fig. 18.3c and Table 18.2). Such relatively thin
rings with relaxation times exceeding milliseconds for B = 2 T are within reach for
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Table 18.2 The relaxation time T1l for different values of the orbital number l (equivalently, the
number of electrons Ne ) and different shapes of the potential V2 (r). r0 = 11.5 nm and B = 2 T
have been assumed
Relaxation time T1l [s]
k

l=0

l=1

l=2

l=3

l=4

0

0.30

0.076

0.034

0.019

0.0129

0.2

0.17

0.051

0.025

0.0158

0.01

0.4

0.086

0.036

0.020

0.013

0.009

0.6

0.039

0.029

0.021

0.015

0.011

0.8

0.017

0.033

0.034

0.030

0.026

0.95

0.007

0.047

0.086

0.11

0.12

0.99

0.006

0.047

0.12

0.21

0.30

nowadays nanotechnology. In Table 18.1 the relaxation times for the rings A–C are
presented. It can be seen that T1 increase considerably with decreasing radius of the
rings reaching the value T10 = 10 ms already for singly occupied ring C. However,
because the rings A–C are relatively thick we do not get the essential increase of
T1l > 10 ms.
The above model considerations apply for InGaAs/GaAs rings but the underlying
physics is similar in other systems with somehow different set of parameters. In
GaAs and GaAs/AlGaAs nanosystems the spin gs factor changes in a range gs ∼
0.2–0.4 [33]. Assuming that material properties entering (18.21) are roughly the
same as for InGaAs/GaAs and Ne = 1 one obtains, e.g., for the ring B made out
of material with gs = 0.4, T1 ∼ 64 ms and for the ring C (with gs = 0.4), T1 ∼
0.32 s. However, one has to stress again that these very long relaxation times have
been obtained taking into account only SO mediated interaction with piezoelectric
phonons. Considering also other mechanisms of relaxation, (e.g., due to fluctuations
of the electric and magnetic field, deformational phonons, multiphonon processes,
and circuit noise) which were neglected in the above model calculations, can further
limit the relaxation time.
The spin decoherence time T2 for nanosystems made out of III–V semiconductors is limited by HFI as it was shown [16] that SOI does not lead to pure dephasing. It was estimated as T2 ∼ 10–100 μs [48, 49] for the considered magnetic field.
Besides, several strategies have been proposed to decrease the randomness in the
nuclear-spin system which can be useful also for QRs. Polarization of nuclei [50]
and putting the nuclear spins in a particular quantum state [51] are very promising.
An alternative approach is to use a quantum ring with holes instead of electrons.
For a hole the hyperfine coupling is expected to be much weaker than for an electron because of the p-symmetry of the valence band [52]. Recent experiments have
shown that hole spins remain coherent an order of magnitude longer than electron
spins [53].
Because of the detrimental effect of nuclear spins one can use different material.
If QRs were made not of III–V semiconductors (with non-zero nuclear spin) but

468

M. Kurpas et al.

of the group IV isotopes with zero nuclear spins, the coherence times should be
longer because of the absence or very small (in isotopically not purified) hyperfine
interaction. As a result one could then get T2 ∼ 2T1 , which is a relatively long time.
Besides ‘natural’ semiconductors there exists another material having amazing
capabilities for electronics. Carbon nanotubes constitute a new class of ballistic low
dimensional quantum systems which also can be used for the implementation of a
qubit [54, 55]. They are attractive because the zero nuclear spin of the dominant
isotope 12 C yields a strongly reduced hyperfine interaction.
Because of ubiquitous nature of Si in modern electronics the estimations for Si
rings [56] are important. It is known that the magnitude of the SOI in Si is ten
times smaller than in GaAs and thus the relaxation times should be hundred times
longer [57]. However, for Si and SiGe systems gs ∼ 2 and these two factors make
T1 of the same order as for GaInAs rings. On the other hand, stronger gs allows spin
control at smaller magnetic fields.
Si, the best semiconducting material for charge based electronics also seems to
be a promising choice for spintronics and for quantum computing [37]. Thus the
decoherence times of electron spins in material with few or no nuclear spins as well
as decoherence times for hole spins are expected to be much longer than for the
group III–V semiconductors [57–62]. One should stress that in all materials considered above the decoherence times are much longer than the time for initialization,
qubit operations and measurement allowing for quantum error correction scheme to
be efficient.
Let us briefly summarize the first part of this chapter. Spin relaxation in QRs due
to SOI induced admixture mechanism turned out to have different characteristics
than in QDs due to different geometry (confinement) properties. It is highly determined by the detailed shape and distribution of the radial parts of the wave functions
reflected in the overlap factor Ξ . It follows that for singly occupied structures QDs
have always longer relaxation time than QRs (assuming the same material parameters) but for relatively thin rings with higher occupation the relaxation time can
exceed those for QDs (due to the increased size of the energy gaps).
The estimated relaxation times (at B = 2 T) for experimentally fabricated rings
(see Table 18.1) are in the range of the milliseconds and for B = 1 T from a few
milliseconds to a few seconds. Thus QRs, like QDs, are attractive for quantum information processing.

18.4 Complex Ring-Ring and Dot-Ring Nanostructures
In the preceding chapter is was shown that spin relaxation strongly depends on the
overlap factor Ξl and on the energy gaps Δl between the ground and excited orbital
states. From this can infer that to increase T1 one should construct a structure in
which the OF will be smaller, i.e., the wave functions of the ground and excited
orbital states will be spatially separated. It can be achieved e.g., by making two
coupled concentric rings [28] or by dividing the ring into two concentric rings by
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Fig. 18.4 (a) Cross section of the confining potential of a double ring with marked bottom of the
QRs potential VQRi , i = 1, 2, top of the barrier potential (V0 ) and the value of the potential outside
(V1 ). (b) Similar cross section of the confining potential of a QR with a QD inside (DRN)

introducing a circular barrier. Then, one can try to adjust the confining potential
in such a way that the ground state wave function is localized in one of the rings,
whereas the excited states are localized in the other one. In order to introduce the
barrier the ring has to be sufficiently thick. Figure 18.4a shows a cross-section of
the confining potential.
To be specific, the data presented below has been obtained for the ring (V0 = 0)
of radius r0 = 30 nm and width ∼40 nm, filled with a single electron. The circular
barrier splitting the structure into two concentric rings is of the height V0 = 30 meV.
In this and the following sections the confinement potential defining the structure is
assumed to have a Gaussian form [63, 64] and the height V1 = 80 meV. The in-plane
magnetic field is B = 2 T (the Zeeman splitting ΔZ = 0.092 meV), the structures
are assumed to be made of InGaAs.
In Fig. 18.5 the distribution of the wave functions of the three lowest energy states
involved in the spin relaxation for different values of the width of the inner ring
are shown. The aim was to separate the wave functions of the ground and excited
orbital states in order to increase T1 which for the original single thick ring is T1 =
1 ms. For narrow inner rings the wave functions go together, so the OF is large
(Fig. 18.6b). However they start to split when the inner ring gets thicker. The most
favourable situation is when the inner ring is transformed into QD where the ground
state wave function is situated mainly in the center of the nanostructure (Fig. 18.5d).
The resulting relaxation times are shown in Fig. 18.6c. It follows that it is of interest
to investigate in more detail the properties of QR with a QD inside called afterwards
a DRN.

18.4.1 Spin Relaxation in Dot-Ring Nanostructures
A cross section of the confinement potential defining a DRN used throughout the
text is presented in Fig. 18.4b. Such a potential, which conserves the circular symmetry, can be obtained in many ways, e.g., using atomic force microscope to locally
oxidize the surface of a sample [6, 7], by self-assembly techniques (in particular by
pulsed droplet epitaxy (PDE)) [21, 22, 25, 26] by the split gates [65] or by lithog-
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Fig. 18.5 The distribution of the wave functions of the three lowest energy states for different
values of the inner ring width V0 = 30 meV, V1 = 80 meV

Fig. 18.6 The dependence of the orbital gaps Δnl (a), overlap factors Ξnl (b), relaxation times (c)
on the inner ring width. V0 = 30 meV, VQR1 = VQR2 = 0 meV, V1 = 80 meV
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Fig. 18.7 Schematic illustration of the radial part of the ground state wave function (dashed line)
in the case when the QD potential is deeper than the QR potential (left panel) or vice versa (right
panel). The cross section of the confining potential is represented by the solid line

raphy. The influence of magnetic field on such single and few electron systems has
been investigated in Ref. [66].
It will be shown below that by changing the parameters of the potential barrier
V0 (r) separating the dot from the ring and/or the potential well offset VQD -VQR (see
Fig. 18.4b), one can considerably alter its coherent, optical and conducting properties. For example, depending on the relative positions of the bottoms of QR and QD
parts the ground state electron occupies mainly the lower part of the structure which
is reflected in the respective shape of the wave function (see Fig. 18.7). Moreover,
by fine-tuning the confinement potential it is possible to have, e.g., the ground state
located in the QD, whereas the lowest excited state in the QR (or vice versa). This
way one can easily control the OF and all the properties which depend on it. In the
following it will be shown how this feature can be exploited to modify the relaxation time. Also, a brief discussion on how such manipulations influence the optical
absorption at microwave and infrared frequencies and conducting properties of a set
of DRNs will be presented (for investigations of these two problems see [32]).
For concreteness, one has to assume some values of the DRN parameters. The
height of the potential V1 defining the structure can be different for different fabrication methods [67]. It can be rather shallow for modulated barrier structures
(V1 ∼ 25–100 meV) and large for deep-etched structures (V1 > 103 meV). In the
following V1 = 80 meV is assumed. Additionally, the radius of the DRN is assumed
r0 = 50 nm, the barrier is located at r0barrier = 27 nm and the zero potential energy
is set at the level of VQR (i.e., the potential well offset is then equal VQD ). It is
also assumed that DRN is occupied by a single electron which couples to photonic
(optical absorption) or phononic (spin relaxation) degrees of freedom. For such processes the selection rules allow the electron transitions to and from the ground state
to the states with the orbital number l = ±1 only. Then the relevant OFs are Ξ00,nl
and the relevant energy gaps are Δ00,nl (see (18.19)) with l = ±1. For brevity these
quantities are called Ξnl and Δnl respectively.
Equation (18.18) allows one to discuss the change of T1 governed by the change
of the confinement potential that defines the investigated DRN structure. It turns out
that for a single electron occupying the l = 0 state the relaxation time is determined
by the SOI to (at most) two lowest (allowed by the selection rule) excited orbital
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Fig. 18.8 Orbital energy gaps (a), overlap factor (b) and relaxation time (c) for a DRN as a function of the separating barrier height V0 . The barrier is located at r0barrier = 27 nm. The line T1 shows
the overall relaxation time of the nanostructure, whereas lines labeled T101 and T111 show individual
relaxation times for phonon coupling to the R01 and R11 states respectively. Note that for V0 = 0
the nanostructure is a big quantum dot of r0 ∼ 50 nm. (d) Cross-section for photon absorption

levels, thus
2
4Δ5z  01
1
Γ + Γ 11 ,
=
T1
η

(18.29)

where
Γ 01 =

2
Ξ01
,
Δ01

Γ 11 =

2
Ξ11
.
Δ11

The quantities entering T1 depend on the potential confining the electrons which
determines the orbital energy spectrum, the shape of the orbital wave functions and
therefore the OF. In Figs. 18.8a–c Δnl , Ξnl and T1 are plotted as functions of V0 ;
the numerical values are given in Table 18.3.
Comparing these figures one can see that, in contrast to Ξnl , Δnl hardly depends
on V0 and it is Ξnl which will determine T1 . Indeed, when Ξnl increases then T1nl
decreases and vice versa. For small V0 the dominant contribution to relaxation is
given by the state E01 (Fig. 18.8c). Increasing V0 , the wave function of E01 moves
over to QR which results in a decrease of Ξ01 (increase of T101 ) with simultaneous
increase of Ξ11 (decrease of T111 ). For V0 ≈ 45 meV the contributions to T1 from
E01 and E11 are equal and by further increasing the height of the barrier it becomes
the higher excited state (E11 ) that determines T1 —a rather unusual situation. Similar
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Table 18.3 The values of Δnl , Ξnl , T1 and σi,f as a function of the height of the barrier V0 . The
parameters are: r0 = 50 nm, r0barrier = 27 nm, VQD = VQR = 0 meV, V1 = 80 meV. The crosssections for photon absorption presented in the last two columns are discussed in Sect. 18.4.2
V0

Δ01 [meV]

Δ11 [meV]

Ξ01 [nm]

Ξ11 [nm]

T1 [s]

σ01

σ11

0

1.67

8.09

4.08

0.31

9.17E–04

6.12

0.17

10

2.10

7.06

3.57

0.44

2.45E–03

5.89

0.3

20

2.45

6.81

2.77

1.16

8.17E–03

4.15

2.02

40

2.84

7.16

1.43

1.76

6.84E–02

1.28

4.91

60

3.03

7.62

0.76

1.86

0.22

0.39

5.78

80

3.15

7.97

0.44

1.85

0.37

0.13

6.02

phenomenon has been obtained experimentally by changing the shape of the QD by
electrical gating [24].
Similar considerations can be done for DRNs by changing, instead of the barrier height, the potential well offset VQD . Such manipulations can be easily done
experimentally by the application of the gate potential below the QD. Changing the
depth of the QD one can move individual wave functions between the QD and QR.
By changing considerably the VQD it is possible to change the effective geometry
of a nanostructure from QD through DRN to QR as was schematically shown in
Fig. 18.7. The possible applications of such features are given in Sect. 18.4.3. The
results of the calculations of relevant Δ’s and Ξ ’s are presented in Fig. 18.9 and
the corresponding relaxation times are given in Table 18.4. The above studies show
that by changing the confinement parameters one can change T1 three orders of
magnitude.
One should stress that the important feature of such studies is not only the value
of T1 itself but the possibility to change it by external conditions which can be
steered by electric fields.

18.4.2 Optical Absorption of Dot-Ring Nanostructures
The discussed above wave function engineering allows to control not only the relaxation time. Another example of a parameter that can be changed is the intraband
absorption of microwave and infrared radiation. The cross section for photon absorption due to electron transition from the ith bound state Ei (ni , li ) to the f th
bound state Ef (nf , lf ) in the dipole approximation is given by the formula [68–70]
σi,f =

2
16π 2 βωΞi,f

n2


δ(Ef − Ei − ω) f (Ei ) − f (Ef ) ,

(18.30)

where β = 1/137 is the fine structure constant, lf = li ± 1, n2 is the refractive index
and f (E) is the Fermi-Dirac distribution function. At low temperature and with the
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Fig. 18.9 Orbital energy gaps (a), overlap factor (b) and relaxation time (c) for a DRN as a function of the potential offset VQD . Closed dots (T1 ) show the overall relaxation time of the nanostructure, whereas solid line (T101 ) and dashed line (T111 ) show individual relaxation times for phonon
coupling to states R01 and R11 , respectively. (d) Cross-section for photon absorption
Table 18.4 The values of Δnl , Ξnl , T1 and σi,f as a function of the height of the potential well
offset VQD . The parameters are: V0 = 30 meV, VQR = 0 meV, V1 = 80 meV
Δ01 [meV]

Δ11 [meV]

−10

6.89

12.63

2.02

4.66E–02

0.26

6.20

6.0E–03

−8

6.74

10.8

2.04

0.15

0.24

6.16

5.04E–02

−4

VQD

Ξ01 [nm]

Ξ11 [nm]

T1 [s]

σ01

σ11

5.8

7.72

1.83

1.08

0.17

4.26

1.97

0

2.67

6.9

2.0

1.58

2.64E–02

2.38

3.80

4

0.54

8.10

6.06

0.12

1.94E–05

4.34

2.54E–02

6

0.43

9.65

6.35

0.41

1.03E–05

3.80

0.36

10

0.38

12.72

6.44

0.56

27.8E–06

3.50

0.89

delta function replaced by the Lorentzian function with half-width Γ the maximum
cross-section at the resonance frequency is given by
m
=
σi,f

2
16π 2 βΞi,f

n2 Γ

Δi,f .

(18.31)

Then, by manipulating the confinement potential one can control Ξi,f ≡ Ξnl,n l  and
Δi,f ≡ Δnl,n l  which enter the above equation. This way, one is able to engineer the
DRNs according to their applications:
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Fig. 18.10 Electron wave functions in a one-dimensional array of DRNs in the case when electron
are located in the QDs (left panel, electron hopping is not possible) and in the QRs (right panel,
hopping is possible)

(a) one can design DRNs to get most effective absorption required for efficient
infrared and microwave photodetectors, or
(b) one can design DRNs with negligible absorption at given frequencies, i.e., structures which will be transparent for the respective photons.
It was demonstrated in Ref. [32] that by changing VQD one can smoothly move over
from highly absorbing to almost transparent DRNs. The absorbed photon energy can
be changed to large extent by changing the radius of DRN, the barrier height and
the material (e.g., for the structure with m∗ = 0.04me it changes from microwaves
to far infrared). The last two columns in Tables 18.3 and 18.4 as well as Figs. 18.8d
and 18.9d present the cross-sections for different values of the parameters of the
confining potential.

18.4.3 Conducting Properties of Arrays of Dot-Ring
Nanostructures
Apart from unique properties of a single DRN, interesting behaviour emerges when
such structures are combined into a two-dimensional array. If they are located sufficiently close to each other, electrons can tunnel from one DRN to another one,
making a system that resembles a narrow band crystal. The tunneling rate depends
on the overlap of the electron wave functions on adjoining structures. And since it
is possible to control the shape of the wave functions, one can control the overlap,
and thereby manipulate the transport properties of the crystal-like structure. If the
electron wave functions are located in the QDs, the overlap is effectively zero and
the system behaves like an insulator. On the other hand, when the wave functions are
located in the QRs, the overlap is much larger which results in metallic character.
These two situations for a one-dimensional arrays are illustrated in Fig. 18.10.
Controlling individual DRNs in an array may be involved—especially in twodimensional arrays—since it requires to supply voltage to every gate. However, if
one is interested only in global properties of such array, there is no need to control
individual DRN’s. In order to be able to control all the DRNs in the same way, i.e.,
to force electrons to occupy QDs or QRs in all nanostructures, one can place the
QDs in one layer and the QRs in another one, located above (or below) the first
layer. Then, the difference between the energy of states localized in QDs and states
localized in QRs is proportional to the strength of electric field applied to the whole
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array perpendicularly to the layers. Details of realization of this idea and possible
applications are given in Ref. [32]. Note that in order to have a true metal-insulator
phase transition in an array of DRN’s Coulomb correlations have to be taken into
account. This problem has been studied, e.g., in Ref. [71], where the Hubbard model
has been used to describe “solid-state” physics in an array of quantum dots [72, 73].

18.5 Summary
Among the most significant nanoscience advances a relevant place is taken by quantum confinement effects that take place in semiconductor nanostructures. The unprecedented level of control over individual electrons will enable exploration of
new regime and pave the way for tests of simple quantum protocols. In particular
fascinating phenomena based on a carrier confinement in ring shaped nanostructures have intrigued physicists for many years. It was found that nanorings with
R < 20 nm can be considered as almost ideal quantum systems [39] and thus can
be, besides QDs, excellent systems for spin studies.
The investigations presented in the first part of the chapter concerned quantum
rings with a single or a few electrons. The results have shown that such rings can
be treated as quantum bits or spin memory devices. The crucial point for quantum
information processing is the necessity to keep coherence on sufficiently long time.
The estimated relaxation times (at B = 2 T) for investigated QRs are in the range
of a few milliseconds. However, for the realization of quantum-nanostructure-based
devices the electronic properties should be freely accessible for engineering. For the
first time it is possible to fabricate nanostructures which are designed on demand
for a specific device functions with optimized properties.
Modern nanotechnology enables to produce complex systems where different
building blocks such as QDs [30, 31] and QRs [28, 29] are combined together within
a single structure [25–28]. It is possible to build a complex system composed of
coupled elements where the coupling constant is an additional parameter that can
be controlled. It was shown that a quantum ring with a quantum dot inside is a
structure in which one can perform an effective wave function engineering which
influences several measurable properties.
Systematic studies of the influence of the shape and the height of the confinement
potential on relaxation times have been presented. It has been shown that changes
of the confinement potential, e.g., by electrostatic gating can modify the relaxation
times by orders of magnitude. Also, a brief discussion [32] of the influence of the
confinement potential on optical absorption and on conducting properties of an array
of such nanostructures (transition of metal-insulator type) has been presented.
The presented model calculations show that the above mentioned macroscopic
variables can be modified by changing on demand the microscopic features of the
nanosystem such as the shape and distribution of the wave functions. The wavelength range of the absorption spectra may be largely expanded from microwaves
to infra-red by utilizing QNs of different size. Combined quantum structures are
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highly relevant to new technologies in which the control and manipulations of electron spin and wave functions play an important role. The results should serve as a
hint for experimentalists in order to fabricate quantum nanostructures with, depending on destination, the best properties.
Acknowledgements M.M.M. and M.K. acknowledges support from the Foundation for Polish
Science under the “TEAM” program for the years 2011–2014.

References
1.
2.
3.
4.
5.

6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

20.
21.
22.
23.
24.

M. Büttiker, Y. Imry, R. Landauer, Phys. Lett. A 96, 365 (1969)
L.P. Lévy, G. Dolan, J. Dunsmuir, H. Bouchiat, Phys. Rev. Lett. 64, 2074 (1990)
D. Mailly, C. Chapelier, A. Benoit, Phys. Rev. Lett. 70, 2020 (1993)
H. Bluhm, N.C. Koschnick, J.A. Bert, M.E. Huber, K.A. Moler, Phys. Rev. Lett. 102, 136802
(2009)
N.A.J.M. Kleemans, I.M.A. Bominaar-Silkens, V.M. Fomin, V.N. Gladilin, D. Granados, A.G.
Taboada, J.M. García, P. Offermans, U. Zeitler, P.C.M. Christianen, J.C. Maan, J.T. Devreese,
P.M. Koenraad, Phys. Rev. Lett. 99, 146808 (2009)
A. Fuhrer, S.L. Scher, T. Ihn, T. Henzel, K. Ensslin, W. Wegscheider, M. Bichler, Nature 413,
822 (2001)
T. Ihn, A. Fuhrer, K. Ensslin, W. Wegscheider, M. Bichler, Physica E 26, 225 (2005)
V. Chandrasekhar, R.A. Webb, M.J. Brady, M.B. Ketchen, W.J. Gallagher, A. Kleinsasser,
Phys. Rev. Lett. 67, 3578 (1991)
A.C. Bleszynski-Jayich, W.E. Shanks, B. Peaudecerf, E. Ginossar, F. von Oppen, L. Glazman,
J.G.E. Harris, Science 326, 5950 (2009)
W. Lei, C. Notthoff, A. Lorke, D. Reuter, A.D. Wieck, Appl. Phys. Lett. 96, 33111 (2010)
A. Lorke, R.J. Luyken, A.O. Govorov, J.P. Kotthaus, Phys. Rev. Lett. 84, 2223 (2000)
P. Offermans, P.M. Koenraad, J.H. Wolter, D. Granados, J.M. García, M. Fomin, V.N. Gladilin,
J.T. Devreese, Appl. Phys. Lett. 87, 131902 (2005)
D. Wohlleben, M. Esser, P. Freche, E. Zipper, M. Szopa, Phys. Rev. Lett. 66, 3191 (1991)
E. Zipper, M. Kurpas, M. Szelag, J. Dajka, M. Szopa, Phys. Rev. B 74, 125426 (2006)
J.E. Mooij, T.P. Orlando, L.S. Levitov, L. Tian, C.H. van der Wal, S. Lloyd, Science 285, 1036
(1999)
V.N. Golovach, A.V. Khaetskii, D. Loss, Phys. Rev. Lett. 93, 016601 (2004)
M. Nakahara, T. Ohmi, Quantum Computing: From Linear Algebra to Physical Realizations
(CRC Press, Boca Raton, 2008)
D. Loss, D.P. DiVincenzo, Phys. Rev. A 57, 120 (1998)
L.M.K. Vandersypen, R. Hanson, L.H. Willems van Beveren, J.M. Elzerman, J.S. Greidanus,
S. De Franceschi, L.P. Kouwenhoven, in Quantum Computing and Quantum Bits in Mesoscopic Systems, ed. by A. Leggett, B. Ruggiero, P. Silvestrini (Kluwer Academic Plenum,
Dordrecht, 2004)
V. Baranwal, G. Biasiol, S. Heun, A. Locatelli, T.O. Mentes, M. Niño Orti, Phys. Rev. B 80,
155328 (2009)
T. Mano, T. Kuroda, K. Mitsuishi, M. Yamagiwa, X.-J. Guo, K. Furuya, K. Sakoda, N.
Koguchi, J. Cryst. Growth 301, 740 (2007)
T. Kuroda, T. Mano, T. Ochiai, S. Sanguinetti, K. Sakoda, G. Kido, N. Koguchi, Phys. Rev. B
72, 20530 (2005)
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